The low energy sector of 2D and 3D topological insulators exhibits propagating edge states, which has speculated the existence of equilibrium edge currents or edge spin currents. We demonstrate that if the low energy sector of TIs is regularized in a straight forward manner into a square or cubic lattice, then the current from the edge states is in fact canceled out exactly by that from the valance bands, rendering no edge current. This result serves as a warning that for any equilibrium property of topological insulators, the contribution from the valance bands should not be overlooked. There is a finite edge current only if the Dirac point of the edge states is shifted away from the chemical potential, for instance by doping, impurities, edge confining potential, surface band bending, or gate voltage. The edge current in small quantum dots as a function of the gate voltage is quantized, and the edge current can flow out of the gated region up to the decay length of the edge state.
I. INTRODUCTION
The existence of edge states represents one of the defining properties of topological insulators (TIs). [1] [2] [3] Particularly for TIs realized in two-(2D) and three-dimension (3D), the edge states manifest as D−1 dimensional Dirac cones at the low energy sector of the band structure. The wave functions of these states can be calculated by projecting the low energy Dirac Hamiltonian into a semiinfinite half space, [1] [2] [3] [4] which yields wave functions localizing at the edges with a decay length given by the Fermi velocity divided by the bulk gap ξ = v F /M . Because of the finite group velocity of the Dirac cone, the edge states naturally speculate the existence of an equilibrium edge current, which may be a charge current or spin current depending on the symmetry of the system. [5] [6] [7] The chiralities of the Dirac cones further dictate that the edge currents at the opposite edges must flow in opposite directions, and the directions of the currents should be independent from the chemical potential µ, since the chiralities of the Dirac cones do not depend on µ.
In this article, we demonstrate that the above simple argument for the existence of edge currents has a serious flaw, namely it does not include the contribution from the valance bands. If the TI is geometrically confined between two boundaries, i.e., has a finite width in 2D or a finite thickness in 3D, then the band structure consists of multiple bands, with the number of bands determined by the width or thickness. This often corresponds to experimental situations, such as 2D TI made of quantum wells of finite width, 8, 9 and 3D TI thin films of few quintuple layers thickness. [10] [11] [12] [13] We elaborate numerically that if the low energy Dirac cone is regularized into a lattice model in a straight forward manner and the lattice is geometrically confined, then the valance bands of TI also contribute to an edge current that exactly cancels out that from the edge state, rendering no net edge current. The statement remains valid regardless the temperatures and the distance between the edges, as well as the choice of the band parameters within the regularized lattice model. Our investigation covers a variety of well-known 2D and 3D models of TIs belonging to different symmetry classes, which suggests that these statements are relevant to a great majority of TIs in reality. Especially, our result prompts the caution that the valance bands should not be overlooked when discussing the equilibrium properties of TIs.
The cancellation from the valance bands also indicates that there is a finite edge current if the Dirac point is shifted away from the chemical potential µ, since the cancellation from the valance bands is not complete in this case. It then follows that the direction of the current in fact depends on whether the chemical potential lies above or below the Dirac point. This suggests a finite edge current can be induced by various mechanisms that shifts the chemical potential in reality, such as doping, [14] [15] [16] surface band bending, 17 or surface inhomogeneity. 18 In particular, we will investigate gating the TI, which leads to an electrically controllable edge current. For TIs geometrically confined into quantum dots, [19] [20] [21] [22] we further uncover that the edge current is geometrically quantized as a function of the gate voltage. Moreover, if the quantum dot is only partially gated, then the edge current can extend to the ungated region up to the decay length of the edge state, which can serve as a nonlocal dissipationless current or spin current generator.
II. LATTICE MODELS FOR TOPOLOGICAL INSULATORS

A. Regularization of TIs on square or cubic lattices
Our starting point is the low energy effective Hamiltonian of 2D and 3D TIs described by a linear Dirac model
where the Γ δ matrices satisfy the Clifford algebra Γ δ , Γ λ = 2δ δλ , whose precise forms depend on the symmetry classes. [5] [6] [7] 23 The kinetic terms k a signifies arXiv:2003.05045v1 [cond-mat.mes-hall] 11 Mar 2020 the usual linear band crossing, and M is the mass term that controls the topology. We proceed to regularize the Hamiltonian to cover the entire Brillouin zone (BZ) by
The basis of the Hamiltonian depends on the symmetry classes, which may be electrons in different orbitals with or without spins. [5] [6] [7] We then Fourier transform the second quantized Hamiltonian into real space to construct the 2D square lattice or 3D cubic lattice Hamiltonian. For instance, if the basis are electrons with orbital I and spin σ
where I = {s, p} is the orbital index, and δ = {a, b} are the lattice constants along planar directions. We impose periodic boundary condition (PBC) in thex direction and open boundary condition (OBC) in theŷ direction, such that the edge currents are localized at the two edges y = 1 and y = N y . The band structure at parameters t = t = −M = 1 with a finite width N y = 8 is shown in Fig. 1 The color in the band structure in Fig. 1 (a) indicates a positive (red) or negative (green)ñ kx,ny , i.e., whether the |k x , n y is more localized in the y = 1 or the y = N y boundary. The result clearly indicates that the branch of the Dirac cone with positive group velocity is localized at the y = 1 edge (red), whereas the branch of negative group velocity is localized at the y = N y edge (green). In addition, the valance bands at k x > 0 that have negative group velocities are also more localized at the y = 1 edge, indicating that they contribute to a current against that of the edge states, and like wisely the valance bands at k x < 0 that have positive group velocity are more localized at y = N y edge and also contribute to a current against that of the edge states. We proceed to quantify the contribution from the edge states and that from the valance bands by calculating the expectation value of the local current operator, constructed from the equation of motion of the density operator n i = I c † iI c iI written in the form of continuity equationṡ
which defines the charge current operator J 0 i,i+δ running from site i to i+δ, and that run from i to i−δ. We define the currents flowing in the positive bonds as J 0
To separate the contribution from the Dirac cone and that from the bulk bands, in calculating the expectation value we introduce an energy cutoff E cut within which we sum the eigenstates
where E n and |n are eigenenergy and eigenstate of the lattice model, and f (E n ) = e En/k B T + 1 −1 is the Fermi distribution, θ(E − |E n |) is the step function that selects the energy window within which the states are included, and we choose the temperature k B T = 0.03. The results shown in Fig. 1 (a) indicates that choosing an energy cutoff smaller than the bulk gap E cut < |M |, which corresponds to counting the contribution from the Dirac cone alone, indeed yields a finite current localized at the two edges. As increasing E cut , the spatial profile of the current starts to alter, and eventually the current vanishes everywhere at a large E cut = 8 that includes contributions from all the valance bands, proving that the two contributions cancel out exactly. This conclusion holds regardless the temperature, distance between the two edges N y , and band parameters {t, t , M } within our regulated lattice model, provided the system remains in the topologically nontrivial phase M < 0. Our result suggests that unless one has certain experimental probe that can discern the edge current contributed only within an energy window near the chemical potential, one cannot resolve the contribution from the edge states alone and the total current should be zero. It is also immediately clear that if the Dirac point is shifted away from the zero energy by adjusting chemical potential µ, then a finite edge current occurs, since some states below the Dirac cone are omitted if the chemical potential lies below the Dirac point, and some more states are included if the chemical potential lies above the Dirac cone, hence the cancellation from the valance bands is not exact. This argument also implies that the edge current must change sign as chemical potential sweeps through the Dirac point µ = 0, as confirmed by the total current close to the y = 1 edge J 0
x h = 1≤y≤Ny/2 J 0 x shown in Fig. 1 (c) . Moreover, Fig. 1 (c) also indicates that the edge current as a function of the chemical potential µ is stepwise quantized within the bulk gap |µ| < |M | = 1 (the steps are smeared by temperature). This behavior is due to the fact that the Dirac cone is geometrically quantized by the small size of the quantum dot, as indicated by the grey circles inside the dashed box in Fig. 1 (a) . As a result, every time µ sweeps through one of these quantized edge states, the edge current increases by one unit. The number of plateaux N p and the edge current quantum ∆J 0
x can be understood in the following manner. The width of the dashed box in Fig. 1 (a) is the insulating gap divided by the group velocity of the Dirac cone k p = M/ v F , and the spacing between states due to geometric quantization is ∆k = 2π/L x = 2π/N x a, so the number of circles that can fit into the dashed box in Fig. 1 (a) is
On the other hand, because each quantized edge state spreads out the whole edge of length L x = N x a and decays into the bulk with length ξ, one may approximate the 2D density of the edge state by n 2D = 1/N x aξ.
Consequently, each quantized edge state contributes to a current density ∆j 0 2D = en 2D v F . The edge current quantum is this value multiplied by the cross section ξ of the current flow
Equations (10) and (11) well explain the number and height of the plateaux in Fig. 1 (c) . Finally, we remark that the finite edge current only occurs in the topologically nontrivial phase M < 0 in this model. In the topologically trivial phase M > 0 there is no edge state, and neither do the valance bands contribute to a current. An experimentally relevant system that belongs to 2D class A is the thin film of magnetic TIs of few quintuple layers that manifests quantum anomalous Hall effect (QAHE). [24] [25] [26] Assuming the Chern insulator quantum dot of dimension N x a ∼ 100nm can be realized by these systems, 27 a typical Fermi velocity v F ∼ 10 5 m/s then gives the edge current quantum ∆J 0 x ∼ 10 −7 A. Ampere's law then gives an increase of magnetic field at the center ∆B = µ 0 ∆J 0
x /2πN x a ∼ 10 −7 T, and consequently an increase of magnetic flux Φ B ∼ π(N x a) 2 B ∼ 10 −13 Wb∼ 100Φ 0 B per edge current quantum, where Φ 0 B is the magnetic flux quantum. Thus the magnetic flux through the quantum dot as a function of gate voltage is also quantized, which should be measurable by magnetic flux detectors such as the superconducting quantum interference device (SQUID), as indicated schematically in Fig. 1 (d) .
C. Local current promoted by weak impurities and edge confining potential
The results in Sec. II B prompts us to explore the effects of weak impurities and edge confining potentials, since it helps to understand the situation when the chemical potential is altered locally. For this purpose, we consider random impurities of density n imp = N imp /N x N y by adding the term into our Hamiltonian in Eq. (5), where i ∈ imp denotes impurity sites. In Fig. 2 we present the simulation in an open island of Chern insulator quantum dot (OBC imposed in bothx andŷ directions), which confirms that a local current is induced around the impurities. The local current forms a vortex circulating the impurity, and the vortices interfere if the impurities are getting too close to each other. Comparing small U imp = 0.3 and large U imp = 0.6, one sees that the magnitude of the local current is enhanced at large impurity potentials, at least within this weak impurity strength we investigate. For the U imp = 0.6 case in Fig. 2 (b) we also include a confining potential at the edge sites i ∈ edge
with V con = 0.6 chosen the same as the impurity potential. One sees that the confining potential indeed induces an edge current circulating around the edge, since it locally shifts the chemical potential, and the magnitude of the current (size of the arrows in Fig. 2 (b) ) is generally larger than that induced by point-like impurities. Interestingly, Fig. 2 (b) also reveals that the current on the boundary sites (e.g., y = 1) and the sites next to the boundary (e.g., y = 2) actually have opposite directions of flow, meaning that the edge currents induced by the edge confining potential is a laminar flow whose direction of flow depends on the distance to the edge. Interestingly, this confining potential induced edge current bears a striking similarity with the edge current in the quantum Hall effect of 2D electron gas, which is also generated by edge confining potential, [28] [29] [30] [31] [32] [33] although there are no Landau levels in our problem. 
D. Nonlocal edge current
We now examine a Chern insulator quantum dot that is partially gated, and show that the edge current created in the gated area can extend into the ungated area over length scale ξ. To elaborate this statement, in Fig. 3 we show the local current pattern in a N x ×N y = 32×8 quantum dot with OBC imposed in bothx andŷ directions. A quarter of the area is gated to have µ = 0.1, whereas the ungated area is kept at µ = 0. The result indicates that the boundary between the gated and ungated areas serves as an edge, and an edge current is created in both sides of the edge even though only one side has a finite chemical potential µ. The circulating pattern of the current decays into the ungated area over length ξ, as concluded from comparing the M = −1 (small ξ ≈ a) and M = −0.2 (large ξ ≈ 5a) cases that show different decay lengths. The current flowing alongx direction at the y = 1 edge J 0
x (y = 1) also confirms this decaying behavior, as shown in Fig. 3 . Thus we anticipate that this partially gated TI quantum dot can serve as a nonlocal edge current generator, with the range of the edge current controllable by the insulating gap M . Finally, we remark that in all cases, we find that the continuity equation in Eq. (7) is satisfiedṅ i = 0 at any site i, provided that the current flowing along positive J 0 i,i+δ and negative bonds J 0 i,i−δ are both taken into account. Quantization of edge spin current as a function of the chemical potential, which is essentially the same as Fig. 1 (c) up to an overall prefactor.
E. 2D class AII
For 2D class AII, we use the prototype Bernevig-Hughes-Zhang (BHZ) model as an example, 34 which has basis ψ = (s ↑, p ↑, s ↓, p ↓) T and the Dirac matrices
where σ b and s b are Pauli matrices in the spin and orbital spaces, respectively. The continuum model reads
which regularizes to give the square lattice model
Here I = {s, p} is the orbital index, δ = {a, b} denotes the lattice constant along the two planar directions, σ = {↑, ↓} = {+, −} is the spin index, i = {x, y} denotes the planar position. We use the parameters −t = t = −M = 1 and temperature k B T = 0.03. The band structure at N y = 8 is shown in Fig. 4 . The edge states consist of counter propagating spins polarized alongẑ, as can be seen from the expectation value of σ z of |k x , n y near the y = 1 edgẽ m z kx,ny = 1≤y≤Ny/2 σ z kx,ny .
The color in the band structure of Fig. 4 (b) indicates the spin up (blue) and down (green) ofm z kx,ny . The branch of Dirac cone of positive group velocity has spin up and that of negative group velocity has spin down, as expected (note that the Dirac cone of black color is that localized at the other edge y = N y ). Besides, the topmost valance band at k x > 0 with negative group velocity has more spin up component, whereas that at k x < 0 with positive group velocity have more spin down component. This indicates at least some valance bands contribute to a spin current against that contributed from the edge states. We further quantify the two contributions by considering the local spin current operators constructed from the equation of motion of the spin density
Because the edge states are spin polarized alongẑ, we investigate the local spin current operators J z x ≡ J z i,i+a and J z y ≡ J z i,i+b that are given by
The spatial profile of the edge spin current evaluated with an energy cutoff E cut , as in Eq. (9), is essentially the same as that in Fig. 1 (b) for the Chern insulators, up to an overall prefactor. This is not surprising, since the BHZ model is basically two copies (spin up and down) of the Chern insulator, and we also see that the contribution from the valance bands cancels out exactly that from the edge states, rendering no edge spin current if the Dirac cone resides at the chemical potential µ = 0. The quantized edge spin current J z x h = 1≤y≤Ny/2 J z x as a function of chemical potential µ is shown in Fig. 4 (b) , which has the same number of plateaux and edge spin current quantum as that in Eqs. (10) and (11) , except one replaces the electron charge by the Bohr magneton e → µ B in these equations.
The edge spin current J z x produces an electric dipolar field [35] [36] [37] [38] [39] [40] that in principle should be measurable. This can be understood by considering that a magnetic moment m moving with velocity v produces an electric dipole moment in the rest frame
where γ = (1 − v 2 /c 2 ) −1/2 , and subsequently a dipolar field at position r from the moving magnetic moment
Approximating the edge alongx as a long straight wire, the edge spin current quantum ∆J z x = µ B v F /N x a corresponds to an electric dipolar field 37
where sin φ = y/r, cos φ = z/r, and r = y 2 + z 2 . Assuming a quantum dot of size N x ∼ 10 2 and a typical Fermi velocity v F ∼ 10 5 m/s, the electric dipolar field at a distance r ∼ nm away from the edge is |∆E m | ∼ 1V/m. Thus two points that are {r 1 , r 2 } ∼ nm away from the edge and are r 1 − r 2 ∼ nm apart would experience a voltage drop ∆V ∼ nV, which should be measurable by local high impedance voltmeters, assuming the gate voltage does not affect the measurement. The local spin current promoted by impurities and edge confining potential follows that discussed in Sec. II C. The nonlocal edge spin current in partially gated BHZ quantum dot is also given by that of the Chern insulator in Fig. 3 , and the extension of the edge spin current into the ungated area is again characterized by the decay length ξ. Note that the BHZ model at parameters M ∼ −0.01eV and v F /a ∼ eV is relevant to the HgTe quantum well 8, 9 or recently proposed III-V semiconductor quantum well 41 at few nanometers thickness, which yields a decay length of the order of ξ ∼ 100a ∼ 100nm. Thus if a partically gated HgTe quantum well of area ∼ 100nm×100nm can be fabricated, it can serve as a dissipationless nonlocal spin current generator of ∼ 100nm range, which is fairly significant. In contrast, the recently proposed monolayer WTe 2 has M ∼ −0.1eV and v F /a ∼ 0.1eV, [42] [43] [44] so ξ ∼ a is of the order of lattice constant, which may not be the ideal material for the nonlocal spin current generator.
F. 3D class AII
We next consider 3D TIs in class AII, which are relevant to materials such as Bi 2 Se 3 and Bi 2 Te 3 . These materials as made have a single edge state Dirac cone with the Dirac point located ∼ 0.1eV away from the chemical potential, [45] [46] [47] [48] but the position of Dirac point can be efficiently engineered by doping. [14] [15] [16] We will consider the theoretical model for the low energy sector described by the Γ-matrices 49,50
where the spinor is written as 
where we keep only lowest order terms. The regularization on a cubic lattice yields
whereM = M + 2M 1 + 4M 2 , I = {s, p} and I = {p, s} are the orbital indices, δ = {a, b, c} denotes the lattice constants, and σ = {↑, ↓} is the spin index. We use the band parameters t = t ⊥ = M 1 = M 2 = −M = 1 such that conclusions can be drawn by numerics done in a accessible lattice size of the order of N x × N y × N z ∼ 10 × 10 × 10, but we emphasize that the conclusions are robust against changing the parameters within the same order of magnitude. Choosing OBC alongẑ and PBC alongx andŷ, the surface state of momentum k = (k x , k y ) is spin polarized alongẑ ×k , which speculates a spin current J y x flowing alongx and polarized alongŷ, and a J x y flowing alongŷ and polarized alongx of equal magnitude. In Fig. 5 (a) , we use the band structure along k x at k y = 0 to elaborate the spin-momentum locking, where the sign of the spin polarization alongŷ =ẑ ×x close to the surface at z = 1
is indicated by blue (positive) and green (negative). Once again the spin polarization of the Dirac cone is evident, and it is also clear that some valance bands have the same spin polarization as the Dirac cone but opposite group velocities, hence producing a spin current against that produced by the surface states.
To quantify the effect of valance bands, we turn to the spin current operators constructed from Eq. and J x y ≡ J x i,i+b are given by
where I = {s, p} and I = {p, s}. Using Eq. (9), we obtain a finite spin current as E cut < |M | that includes only the surface states, and eventually vanishes at large E cut that includes all the bands. The spin current is again finite when the chemical potential µ is nonzero, and changes sign when µ sweeps through the Dirac point, as shown in Fig. 5 (b) . Thus we also expect that several factors in realistic 3D TIs, such as impurities, 51 surface band bending, 17 and local electron and hole puddles, 18 helps to promote the surface spin current, since they shift Dirac point away from the chemical potential globally or locally. As an example, the 3D vortex of the spin currents formed around a single impurity is shown in Fig. 5 (c) , where one sees that the spin current J a that is polarized alongâ wraps around theâ axis. We should also emphasize that despite the absence of the equilibrium edge spin current at µ = 0, the edge states can still perform nonequlibrium spintronic effects, such as current-induced spin accumulation 52,53 at µ = 0. This is because these nonequlibrium spintronic effects only involve the edge states near the chemical potential due to the derivative of the Fermi function, and hence the valance bands are irrelevant.
The quantization of edge spin current J y x h = 1≤z≤Nz/2 J y x = − J x y h as a function of µ is again evident, as shown in Fig. 5 (b) . The number of plateaux N p and the surface spin current quantum ∆J y x are irregular functions of µ (the steps are not evenly spaced), and changes with the shape of the quantum dot, as can be seen by comparing the case of N x ×N y ×N z = 12×12×8 with that of 12 × 8 × 8. This is presumably due to the irregularity in the number of states that can fit into the Dirac cone, which is best described in a cylindrical coordinate, but the lattice is cubic. Neverthelss, the trend of more plateaux and smaller surface spin current quantum at larger quantum dot, similar to the 2D cases described by Eqs. (10) and (11), is qualitatively correct.
The surface spin current also produces an electric dipolar field according to Eqs. (20) and (21) . Consider a cubic quantum dot of 3D TI whose top surface area L 2 is confined in the region −L/2 ≤ x ≤ L/2 and −L/2 ≤ y ≤ L/2. A uniform J y
x (e.g., produced by doping) flowing in the top surface can be regarded as a current I m = µ B J y x /a = mρv of magnetic moment m of planar density ρ polarized inŷ and moving alongx. A point located at z above the center of the quantum dot, as shown schematically in Fig. 5 (d) , experiences an electric field alongẑ direction
In the limit z L, i.e., very close to the top surface of a large quantum dot, one has E z ≈ µ 0 I m /L. Given that J y x in Fig. 5 (b) is of the order of 0.01t/ , the corresponding magnetization current is I m ∼ 0.1Cm/s 2 . For a quantum dot of dimension L ∼ 100a ∼ 10 −7 m, the magnetization current produces an electric field E z ≈ µ 0 I m /L ∼ 1V/m near the top surface. Thus for two points {z 1 , z 2 } that are nm away from the surface and are nm apart, as that in in Fig. 5 (d) , the voltage difference between them is ∆V ∼nV, which is readily measurable. Interestingly, Eq. (28) also implies that the surface spin current of an infinitely large TI L → ∞ does not produce a electric dipolar field E z → 0. So the aforementioned voltage difference can only be observed in TIs of finite size.
III. CONCLUSIONS
In summary, the properties of edge currents in TIs are investigated by means of lattice models. We find that although the low energy edge states have speculated the existence of an equilibrium edge current or edge spin current, the valance bands of the TIs also contribute to a current that can be against that of the edge states. If the low energy Dirac cone is regularized into a lattice model in a straight forward manner, as has been done in many theoretical models in different symmetry classes, then the contribution from the valance bands exactly cancels out that from the edge states, rendering no edge current. This statement is valid regardless the temperature and band parameters of the regularized lattice model. Our result therefore serves as a warning that for any equilibrium property of TIs, the contribution from the valance bands should not be ignored, since equilibrium properties are not solely determined by the edge states.
Despite the regularized lattice models are not expected to capture the band structures in real TIs, the following features we reveal are anticipated to manifest in experi-ments. Firstly, the cancellation from the valance bands suggests that there exists a specific value µ c of the chemical potential at which the edge current or edge spin current vanishes, which may not be exactly at the Dirac point in reality due to complications from the band structures. The edge current changes the direction of flow as chemical potential sweeps through µ c . What naturally follows is that a global or local variation of the chemical potential, such as that caused by gating, doping, disorder, surface band bending, or edge confining potential, all can promote the edge current globally or locally. Particularly in gated TI quantum dots, the edge current as a function of the gate voltage is geometrically quantized, with the number of plateaux and edge current quantum determined by the size of the quantum dot, Fermi velocity, and the insulating gap. Moreover, the edge current in partially gated quantum dots can extend into the ungated region over the decay length of the edge state, hence acting as electrically controllable dissipationless current or spin current generators that may have applications in mesoscopic electronic or spintronic devices.
